Static spherically symmetric metrics with scalar field 
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Abstract 

We describe static spherically symmetric black holes with a scalar 

field in terms of one function which satisfies simple conditions. We 

■ prove that only one event horizon is admitted and we show how to 

CN , construct solutions. 
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Q : 1 Introduction 

(N 

The first solution of the Einstein equations with a scalar field (p was found by 
Fisher [TJ. Then it was rediscovered by several authors j2HS]. Fisher's solution 
Q-i is static, spherically symmetric and the field ip is massless. It generalizes 

}L| | the Schwarzschild solution but its global structure is different. It contains 

singularity at the center and no horizon [5]. Solutions with a nontrivial 
potential V(<p) of the scalar field were later studied by many authors (see [6] 
and references therein) . In most cases they are spherically symmetric (see [7] 
r** \ for more general approach). 

A time evolution of interacting gravitational field and a scalar field was 
studied analytically by Christodoulu [BJ|9]. He showed that small initial data 
disperses and the end state is just Minkowski spacetime, while for a suffi- 
ciently large data the end state is the Schwarzschild black hole. This type 
of behaviour was confirmed numerically by Choptuik [TU]. He discovered a 
threshold phenomena and showed that important properties of the interact- 
ing system are independent of its detailed properties. An overview of the 
literature on the threshold phenomena can be found in [TT] . Most results on 
this subject were obtained numerically with some exceptions (see e.g. |12j . 

In this paper we assume that metric and the scalar field are static and 
spherically symmetric. Our goal is to describe analytically a general config- 
uration of these fields which is asymptotically flat, contains an event horizon 
and no naked singularities. The potential V(ip) is not a'priori prescribed. 
In this case the Einstein equations form an undetermined system of three 
equations for two metric coefficients, the scalar field ip and the potential V. 
All these functions depend only on a radial coordinate r. The function V(ip) 
can be found a'posteriori in an implicit way. We solve the field equations 
and express all the functions in terms of one free function f(r). Then we 
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find conditions on this function which guarantee the assumed properties of 
spacetime. The main result of the paper is given in Theorem 1. In the last 
section we construct an example of black hole with scalar field. 



2 Field equations 

A static spherically symmetric metric can be written in the form 
g = goodt 2 + g\\dr 2 — r 2 (dQ 2 + sin 2a,! ~ 1 



where goo and gn depend only on coordinate r. We define functions a and b 
by 

a = \9oo\ , b' 1 = -g u (2) 

and denote their r-derivatives by a prime. The Einstein equations for g and 
a scalar field ip(r) with potential V read 

6-1 b' 1. /2 



, 2 +~ = —,W 2 -V (3) 
b - 1 2ba' 1 



r r 2 

,'2 



6(o" + a' 2 + -) + if (a' + i) = -it^-V. (5) 
r 2 r 2 



For V = equations (E}-© yield the Fisher solution 

g = (1 - ^)»^ - - (1 - ^if (6) 



or 



/ 1 — a 2 , . 2m , r . 

^ = ±^/__ ln(l-— ), ae[0,l] (7) 



g = dt 2 _ _ r W (g) 

9? = v^as/i"^-) . (9) 



We will treat equations ©-© as underdetermined system for a, b, <p and 
V. Our goal is to describe its solutions in terms of an arbitrary function / 
and to find conditions on this function which assure asymptotical flatness of 
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the metric and existence of a horizon surrounding all singularities. Note that 
given / one can find, at least implicitly, potential V as a function of (p. 
Substracting ([3]) from (pjj) yields a differential relation between a and b 



The remaining equations define <p' and V in terms of functions a and 6: 

V' 2 = 11 

r 



1 ,V 1, 6' 



provided that 



2a' - b- l b' , s 
> . 13 

r 

In order to solve relation f llOp we first write it in the form 

2r r ro 
where function bo is related to 6 via 

b = (ra' - l) 2 b+ 1 . (15) 

Let us introduce function / such that 

b = ±. (16) 

Substituting ( TIB]) into ( TH|) leads to the first integral 

2a = In | — 1+4/ (17) 
r 

with a constant of integration incorporated into /. Now, by virtue of ([IB]) 
and (fT 7 ?] ) we obtain from (|l5p an expression for b in terms of / 

4/'(i-f) 



A2 



(rf + 4rf 2 - 3/ 

Thus, the metric tensor, the scalar field and potential V are fully defined by 
the function /. 
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3 Global properties 



Let us discuss an issue of asymptotical flatness and horizons in considered 
metrics. We assume that space infinity is obtained when r — > oo. The 
coordinate r is spacelike and t is timelike if b > and g 00 > 0. It follows 
from ffTgj) . ffTTl) and §2§ that for r — )• oo we should require 

< f < \ , (19) 

Soo = -e 4/ (20) 

r 

and 

Ml, <7oo -> 1 ■ (21) 

For the Schwarzschild solution 

e 4 ^ = 2(r - 2M) 2 + M 2 (22) 

and all above conditions are satisfied. To guarantee the asymptotical flatness 
for general / we assume that for large r function / satisfies an approximate 
version of 



e 2f w V2(r - 2M) . (23) 
Description by / is sometimes less convenient than by the function 

G = e 4f (l-rf) . (24) 
Using G we can replace formula ffT8|) by 



Q/2 

16^00^ 

Using G the asymptotical condition (1231) translates into 

G w (r - 3M) 2 . (26) 

It is clear from (1201) that surfaces on which /' = are the Killing horizons. 
Let r = be the outermost horizon. It is also the event horizon since we 
can pass to the Eddington-Finkelstein type of coordinates with u± defined 
by 



du± = dt± J\^\dr (27) 
9m 
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and transform the metric into the form 



g = #oo*4 ± 2V\9oo9n\du±dr - r 2 dVt 2 . (28) 

It is clear from ( 128]) that g is asymptotically flat at null infinity, scries J' ± 
exist and r = is a regular event horizon provided #00 is smooth and 
\/lfi , oofi , ii| is smooth and nonvanishing for r > — e. These conditions are 
satisfied if f"{r h ) 7^ 0. Note that f"{r h ) > since /' > for r > r h . Thus 
/' < under the horizon and r becomes there a time coordinate. 

It follows from (|24jl that G'(rh) < 0. Since G is growing for large values of 
r it means that G has to approach a minimum at some point r = r c > r^. To 
avoid degeneracy of the metric (see (125]) ) we have to assume that G{r c ) = 
an G"(r c ) > 0. The same argument shows that G must be mononitically 
decreasing function everywhere between a singularity at r = r (e.g. r = 0) 
and r c . 

Let us define still another function Q via 

Q = VG if r>r c (29) 
Q = -VG if r<r c . 

Function Q is smooth and Q' > everywhere for r > vq. It vanishes at r c 
and behaves as 

Q w r - 3M (30) 
when r — )■ 00. It follows from (1251) that 

2vWnl =Q' , (31) 
hence condition ( II 3p translates into 

Q" > . (32) 
Below we summarize properties of Q 

Q' > , Q" > if r > r > (33) 
Q = if r = r c > r 
Q «r — 3M i/ r — )■ 00 . 

Because of simplicity of above conditions it is appealing to describe all fields 
exclusively in terms of Q. In order to find / we integrate equation (EM]) under 
the assumption that / ~ r 2 at infinty, hence 

poo q2 

e A f = 4r 4 / =^dr . (34) 
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It is impossible to find precisely a location of horizon without performing 
f[3"l"j) . however we can prove that /' > everywhere for r > r c , hence r^, if it 
exists, satisfies < r c . Indeed, by differentiating ( 13^|) we obtain 

f e 4 f = 4r s r o^ d ~ _ & (35) 

J r r 5 r 

Now we multiply (1351) by r and introduce a new coordinate x = r 4 /f 4 in the 
integral, hence 

rf e 4/ = / Q 2 da; - Q 2 . (36) 

Since x = 1 corresponds to f = r and Q 2 is a decreasing function of x if 
Q > 0, the r.h.s. of (13"6"|) is positive for r > r c . Thus, /' nowhere vanishes 
in this range of coordinate r. To be sure that /' = at some point it is 
sufficient to show that function 

h = 4 f°° %dr - % (37) 
is negative for some value of r > r . Note that 

/»' = -2^ , (38) 

hence h is monotonically increasing if r < r c . Thus, there is at most one 
horizon. Now we will show that the event horizon neccessarily exists when 
function Q is well defined for all r > 0. Since it is increasing and convex we 
can assume without loss of generality that Q and its derivatives are finite at 
r = 0. We can calculate a limit of the function hr 3 at r = from the de 
l'Hospital rule, hence 

— 3 \qQ' ■ (39) 

Thus, if Q'(0) > the function h tends to — oo when r — > 0. Since Q(r c ) > 
there must be exactly one value r h of r such that goo(r h ) = 0. We summarize 
results of this section in the following theorem. 

Theorem 1. Any static spherically symmetric black hole with a scalar field 
corresponds to a function Q with properties (E2P- There is only one horizon 
and the global structure is the same as that of the Schwarzschild solution. 
Any function Q satisfying ( TffSp with r = and such that Q'(0) ^ defines 
a black hole solution with scalar field via the following relations 

2[°°Q 2 r Q 2 Q' 2 (An , 
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2(1" 1 4 r 

^ = ^7. V = ->+ W ^ + <M^y)- (41) 

The description in terms of Q has a disadvantage that goo is given by 
the integral formula. An alternative description makes use of the function 
H = r _4 e 4 ^ instead of Q. Function H is positive and it should satisfy an 
asymptotic condition corresponding to (1251) . Let us consider if as a function 
of p = r~ A . It follows from flU} that G = H tP . It follows from (ESJ) that 

H p = at p = p c (42) 
H tPP < if p < p c 
H, pp > if p> p c . 



Above properties have simple geometrical interpretation: (i) H is a positive 
increasing function of p with a single saddle point at r c , where H p = 0, (ii) 
H is concave if p < p c and convex if p > p c . It follows from (1231) that H 
behaves like 2^/p near p = 0, however full content of ( 12"3"|) is more complicated. 
Existence of the horizon at means that 

pH p -H = at p = Ph . (43) 

It follows from (|42|) and the asymptotic behaviour of H at p = that is 
unique and < r c . The most involved condition for H is (13"2"|) which now 
takes the form 

E2EEP _ ^ + A < . (44) 

4 Examples 

One can easily find functions Q satisfying (|33|) for r > 0, e.g. 

Q = r - 3M + ae _/3r (45) 

or 

Q = r - 3M + -^r , (46) 

where a and /3 are positive constants. Unfortunately, for these functions we 
are not able to perform integrals defining metric and the scalar field. Instead 
of them, let us assume that 

a 2 3 

Q = r _ 3M + — , a < -M . (47) 
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This function satisfies f[3"3"j) with r = a. Value of r c is given by 

1 



-(3M + V9M 2 - 4a 2 ) < 3M (48) 



and relation between parameters a and r/j reads 



a 2 = 9 -Mr h - r h J (^M) 2 + 3r h (r h - 2M) . (49) 

The latter expression makes sense when < 2M. When = 2M then 
a = and we obtain the Schwarzschild metric with if = V = 0. For other 
values of r h one obtains 



2M 6a 2 M a 2 4 
9oo = l- — + - — , (50) 



(\ 4- —I 2 

9n = -: , 51 

4^00 

a 

ip = 2 arcsin — . (52) 
r 

The function V can be also obtained but it is rather complicated. It is 
rational function of sin (y?/2) and it is singular at r = a. 
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